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We investigate how braneworld gravity affects gravitational collapse and black hole formation by
studying Oppenheimer-Snyder-like collapse on a Randall-Sundrum type brane. Without making
any assumptions about the bulk, we show that the exterior spacetime on the brane is non-static. In
the special case where there is no matter but only collapsing Weyl “dark radiation”, a static black
hole may be formed, with purely 5-dimensional gravitational potential on the brane.
I. INTRODUCTION
The study of gravitational collapse in general relativ-
ity (GR) is fundamental to understanding the behaviour
of the theory at high energies. The Oppenheimer-Snyder
(OS) model assumes a collapsing pressureless homoge-
neous dust cloud, can be solved exactly, and still provides
a paradigmatic example that serves as a good qualitative
guide to the general collapse problem in GR. In other
theories of gravity that dier from GR at high energies,
it is natural to look for similar examples. Braneworld
scenarios of Randall-Sundrum type [1,2] lead to modied
Einstein equations as the eective 4D eld equations on
the brane. Here we analyze an OS-like collapse in this
setting, in order to shed light on some fundamental dif-
ferences between collapse in GR and on the brane.
In string theory and M-theory, which may provide a
route towards quantum gravity, gravity is a truly higher-
dimensional interaction, which becomes eectively 4D at
low enough energies. Simple braneworld models inspired
by these theories describe the observable universe as a 3-
brane boundary of a 4D space (the bulk). There is a cru-
cial dierence between standard-model elds and grav-
ity: the former are conned to the brane, while gravity
propagates in all 4 spatial dimensions. Gravity must be
localized near the brane at low energies, in order to repro-
duce the successful predictions of GR. This is most obvi-
ously achieved via a small compact extra dimension, as
in Kaluza-Klein (KK) theories, but the Randall-Sundrum
model [1] localizes gravity by the curvature of the bulk,
even with a noncompact extra dimension. The \warp"
factor in the bulk metric, which is anti-de Sitter (AdS5),
eectively localizes low-energy gravity near its peak at
the brane. The bulk metric satises the 5-dimensional
Einstein equations with negative cosmological constant.
Their model, with vacuum Minkowski brane, has been
generalized to allow for arbitrary energy-momentum ten-
sor on the brane, and the eective eld equations on the
brane are modied Einstein equations [2].
Perturbative analysis of the gravitational eld due to a
compact source on the brane has been performed [1,3,4].
In particular, in the weak-eld limit there is a 5D correc-











where ` is the curvature scale of AdS5. However, no
exact 5D solution has yet been found for an astrophys-
ical static black hole or static star. The Schwarzschild
black string bulk metric has a Schwarzschild black hole
on the brane, but cannot describe the end state of grav-
itational collapse: it cannot accommodate 5-dimensional
corrections, in particular, the weak-eld limit in Eq. (1),
and the bulk has a string-like singularity and a singular
Cauchy horizon [5].
Brane solutions of static black hole and stellar exteriors
with 5-dimensional corrections to the Schwarzschild met-
ric have been found [6,7], but the bulk metric for these
solutions has not been found. Numerical integration into
the bulk, starting from static black hole solutions on the
brane, is plagued with diculties [8]. In summary, very
little is known about astrophysical black holes and stars
on the brane, even in the static case. Even less is known
about astrophysical gravitational collapse on the brane
to a black hole.
Braneworld gravitational collapse is complicated by a
number of factors. The connement of matter to the
brane, while the gravitational eld can access the extra
dimension, is at the root of the diculties relative to
Einstein’s theory, and this is compounded by the nonlo-
cal gravitational interaction between the brane and the
bulk. Not only are the matching conditions on the brane
much more complicated to implement [7], but one also
has to impose regularity and asymptotic conditions on
the bulk, and it is not obvious what these should be. As
in GR, the gravitational collapse problem will have to be
tackled numerically. However, the braneworld numerical
problem is far more complicated.
In GR, the OS model of collapsing homogeneous dust
can be solved exactly, with the interior given by a Fried-
mann metric and the exterior by a Schwarzschild met-
ric. We show that even this simplest case is much more
complicated on the brane. However, it does show some
intriguing properties, which may be part of the generic
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collapse problem on the brane. The exterior is not
Schwarzschild, and nor could we expect it to be, as dis-
cussed above, but the exterior is not even static, as we
show below. The reason for this lies in the nature of the
braneworld modications to GR.
The eld equations on the brane are [2]
Gµν = −gµν + 8piGTµν + 48piG
λ
Sµν − Eµν , (2)
where λ is the brane tension (λ > 108 GeV4) and the
brane cosmological constant  has contributions from the
tension and the bulk cosmological constant. The tensor
Sµν is quadratic in the energy-momentum tensor Tµν ,
and Eµν is the projection of the bulk Weyl tensor. The
energy-momentum tensor satises the usual conservation
equations, and the Bianchi identities on the brane then
imply a \conservation" equation for the tracefree Eµν :
rνTµν = 0 , rνEµν = 48piG
λ
rνSµν , Eµµ = 0 . (3)
The general 1+3 form of these equations is given in [9].
Five-dimensional corrections to the eld equations of GR
are of two types [2,9].
(1) Local high-energy corrections, given by Sµν , arise
from the extrinsic curvature of the brane, and increase
the eective density and pressure of collapsing matter. In
particular this means that the eective pressure does not
in general vanish at the surface, changing the nature of
the matching conditions on the brane. Gravitational col-
lapse inevitably produces energies high enough to make
these corrections signicant. If an horizon forms, then
the high-energy eects are disconnected from the outside
region on the brane, but these eects will in general influ-
ence the rate and nature of collapse, and leave a signature
on the exterior.
(2) Nonlocal Weyl or KK corrections, given by Eµν , arise
from 5D graviton stresses. In the linearized regime, these
bulk graviton stresses are known as massive KK modes
of the graviton [1]. In general, they are a signature of
nonlinear KK modes in the bulk. It follows from Eq. (3)
that these nonlocal Weyl stresses are sourced by inhomo-
geneity in the density; the inhomogeneity on the brane
generates Weyl curvature in the bulk which \backreacts"
on the brane. The nonlocal stresses further complicate
the matching problem on the brane, since they in gen-
eral contribute to the eective radial pressure at the sur-
face. Furthermore, they are not cut o by an horizon
because they are nonlocal. Intuitively, one can under-
stand how the KK stresses lead to a non-static exterior
as follows: dynamical collapse on the brane generates
non-static Weyl curvature in the bulk which is projected
onto the brane, giving in general a dynamic, nonlocal
imprint on the exterior. In this sense, we may expect
astrophysical black holes on the brane to have Weyl or
KK \hair".
Equations (2) and (3) are the complete set of equa-
tions on the brane. These equations are not closed, since
Eµν contains 5D degrees of freedom that cannot be de-
termined on the brane. A further set of 5D equations [2],
giving the Lie derivatives orthogonal to the brane, makes
up the full closed system. We do not attempt here to
solve the full 5D set of equations. Our approach is rather
to see what constraints are imposed by the 4D brane
equations. Our main result, obtained without making
any assumptions about the bulk, is that given the stan-
dard matching conditions on the brane, the exterior of a
collapsing homogeneous dust cloud is non-static. We are
not able to determine the non-static exterior metric, but
we expect on general physical grounds that the non-static
behaviour will be transient, so that the exterior tends to
a static form.
The collapsing region in general contains dust and
\Weyl (or dark) radiation", i.e. energy density on the
brane from KK stresses in the bulk. We show that in
the extreme case where there is no matter but only col-
lapsing homogeneous dark radiation, there is a unique
exterior which is static for physically reasonable values
of the parameters. The collapsing dark radiation can
either bounce or form a black hole, and the exterior is
of the Reissner-Nordstro¨m-deSitter type (given in [6] for
 = 0), but with no mass. In this exterior solution, there
is no electric charge, but a tidal KK \charge" from bulk
graviton stresses, generated by the collapsing sphere of
dark radiation (and possibly by a source in the bulk).
The gravitational potential of the exterior has a purely
5D form. This solution shows that nonlocal KK or Weyl
gravitational energy density can collapse to a black hole,
whose static exterior has 5D gravitational potential.
II. COLLAPSING DUST ON THE BRANE
The OS collapse region is described by a Friedmann
metric, which in isotropic coordinates reads








where τ is proper time along the matter worldlines. The





















where the \dark radiation" constant C is xed by the
bulk Weyl curvature (for a Friedmann brane, C is propor-
tional to the mass of a black hole in the bulk [10,11]). The
ρ2 term, which is signicant for ρ > λ, is the local high-
energy correction term, following from Sµν . Standard
Friedmann evolution is regained in the limit λ−1 ! 0.
Eq. (3) implies ρ = ρ0(a0/a)3, where a0 is the epoch
when the cloud started to collapse. The proper radius







The collapsing boundary surface  is given in the in-
terior comoving coordinates as a free-fall surface, i.e.
r = r0 = const, so that RΣ(τ) = r0a(τ)/(1 + 14kr
2
0).
We can rewrite the modied Friedmann equation on














where the \physical mass" M (total energy per proper














and the \energy" per unit mass is given by






, E > −1 . (9)
Now we assume that the exterior is static, and satis-
es the standard 4D junction conditions. Then we check
whether this exterior is physical by imposing the modied
Einstein equations (2) for vacuum, i.e. for Tµν = 0 = Sµν .
The standard 4D Israel matching conditions, which we
assume hold on the brane, require that the metric and
the extrinsic curvature of  be continuous. The extrinsic
curvature is continuous if the metric is continuous and
if _R is continuous [12]. We therefore need to match the
metrics and _R across .
The most general static spherical metric that could
match the interior metric on  is








+ R2dΩ2 . (10)
We need two conditions to determine the functions F (R)
and m(R). Now  is a freely falling surface in both met-









where ~E is a constant and the dot denotes a proper time
derivative, as above. Comparing Eq. (11) with Eq. (7)
gives one condition.
The second condition is easier to derive if we change to
null coordinates. The exterior static metric, with dv =
dt + dR/[F (1− 2Gm/R)], becomes





dv2 + 2FdvdR + R2dΩ2 . (12)

















1− kR2/a2 + R
2dΩ2 , (13)
where dτ = (∂τ/∂v)dv + (1 + 1
4kr
2)dR/[r _a − 1 + 14kr2].
Comparing Eqs. (12) and (13) on  gives the second con-
dition. The two conditions together imply that F is a
constant, which we can take as
F (R) = 1 , (14)
without loss of generality (choosing ~E = E+1), and that










[Note that with Eq. (14), the metric in Eq. (12) may
cover the whole range 0 < R < 1 (though we only need
to cover the exterior), while the metric in Eq. (10) is valid
where 2Gm(R) < R.]
In the limit λ−1 ! 0, we recover the 4D GR
Schwarzschild-deSitter solution. However, we note that
the above form of m(R) violates the weak-eld pertur-
bative limit in Eq. (1), and this is a symptom of the
problem with a static exterior. Eqs. (10), (14) and (15)
imply that the brane Ricci scalar is




However, the eld equations (2) for the vacuum exterior
imply that
Rµν = gµν − Eµν , Rµµ = 4 . (17)




= 0 . (18)
This is obviously satised in the GR limit, but in the
braneworld, collapsing homogeneous and isotropic dust
leads to a non-static exterior. We emphasize that this
result does not require any assumptions on the nature of
the bulk spacetime.
III. COLLAPSE OF “DARK RADIATION”
The one case that escapes this no-go result is M =
0. In GR, M = 0 would lead to vacuum through-
out the spacetime and a Minkowski solution, but in the
braneworld, there is the tidal KK stress on the brane, or
\dark radiation", i.e. the Q-term in Eq. (7). The pos-
sibility of black holes forming from Weyl energy density
was suggested in [6]. The dynamics of a Friedmann dark
radiation universe, i.e. without exterior, has been previ-
ously considered [14]. In that case, there is a bulk black
hole, and growth in the energy density of dark radiation
corresponds to the black hole and brane moving closer
together; a singularity can arise if the black hole meets
the brane. Here we investigate the collapse of a bound
3
region of homogeneous dark radiation within an inhomo-
geneous exterior. It is not clear whether the bulk black
hole model may be modied to describe this case, and
we do not know what the bulk metric is. However, our
analysis is independent of the bulk metric.
By the above results, it follows that the exterior
is static and unique, and given by the Weyl-charged
de Sitter metric
ds2 = −Adt2 + dR
2
A







if A > 0. [When A < 0, the spacetime is covered by
Eq. (12).] Eq. (19) satises the brane eld equation (17).
For Q = 0 it is de Sitter in static coordinates, with hori-
zon H−1 =
p
3/. For  = 0 it is the special case
M = 0 of the solutions given in [6], and the length scale
H−1Q =
pjQj/λ is an horizon when Q > 0; for Q < 0,
there is no horizon. As we show below, the interplay be-
tween these scales determines the characteristics of col-
lapse.








which has the form of a purely 5D potential when Q > 0.
When Q < 0, the gravitational force is repulsive, and we
thus take Q > 0 as the physically more interesting case.
This reflects the fact that Q > 0 corresponds to positive
Weyl energy density in the interior. However we note
the remarkable feature that Q > 0 also implies negative
Weyl energy density in the exterior. We use Eqs. (5){(8)
and (19) to calculate the energy density −Eµνuµuν/8piG
in the interior and exterior, where uµ is the preferred




+3Q/(λR4Σ) , R < RΣ ,
−Q/(λR4) , R > RΣ .
(21)
The negativity of the Weyl energy density in the exterior
may be seen as arising from the 5D gravitational source
of this energy [3,6,15], and is predicted by perturbative
studies in the weak eld regime [3].
The boundary surface between the dark radiation
\cloud" and the exterior has equation of motion








where  = sgnQ. If A(Rh) = 0 has a real positive solu-
tion, then Rh is an horizon.
For  = 0, the cases are:
Q > 0,  = 0 : The cloud collapses for all E, with hori-
zon at Rh = H−1Q =
p
Q/λ. For E < 0, given that




Q < 0,  = 0 : It follows that E > 0, there is no horizon,
and the cloud bounces at Rmin =
pjQj/(λE).














, R2c = H
−1H−1Q .
(23)













If  > 0 there may be two horizons; then R−h is the
black hole horizon and R+h is a modied de Sitter hori-
zon. When they coincide the exterior is no longer static,
but there is a black hole horizon. If  < 0 there is always
one de Sitter-like horizon, R+h .
FIG. 1. The potential V (R) for Λ > 0, with R given in
units of Rc and V given in units of Vc.
Q > 0,  > 0 : The potential has a maximum −2Vc at
Rc. If E > −2Vc the cloud collapses to a singularity. For
Vc >
1
2 , i.e. Q > 3λ/4, there is no horizon, and a naked
singularity forms. For for Vc = 12 there is one black hole





2. If E  −2Vc, then Eq. (9)
implies Vc < 12 , so there are always two horizons in this
case. Either the cloud collapses from innity down to
Rmin and bounces, with Rmin < R+h always, or it can at










E2 − 4V 2c
i
, (25)
with  = 1.
Q < 0,  > 0 : The potential is monotonically decreas-
ing, and there is always an horizon, R+h . For all E, the
cloud collapses to Rmin(< R+h ), and then bounces, where
Rmin is given by Eq. (25) with  = −1.
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IV. CONCLUSIONS
We have explored the consequences for gravitational
collapse of braneworld gravity eects, using the simplest
possible model, i.e. an OS-like collapse on a Randall-
Sundrum type brane. Even in this simplest case, extra-
dimensional gravity introduces new and considerably
more complicated features, relative to GR. We have not
attempted to solve the 5D equations that determine the
bulk, but we have shown, independent of the nature of
the bulk spacetime, that the exterior vacuum on the
brane is necessarily non-static. This contrasts strongly
with GR, where the exterior is a static Schwarzschild
spacetime. Although we have not found the exterior met-
ric, we know that its non-static nature arises from (a) 5D
bulk graviton stresses, which transmit eects from the in-
terior to the exterior, and (b) the non-vanishing of the
eective pressure at the boundary, which means that dy-
namical information on the interior side can be conveyed
outside via matching conditions. Our results suggest that
gravitational collapse on the brane may leave a signature
in the exterior, dependent upon the dynamics of collapse,
so that astrophysical black holes on the brane may in
principle have Weyl or KK hair.
We expect that the non-static behaviour in the exterior
will be transient and non-radiative. This follows from a
perturbative study of non-static compact objects, which
shows that the nonlocal Weyl term Eµν in the far-eld re-
gion falls o much more rapidly than a radiative term [3].
It is reasonable to assume that the exterior metric will
be static at late times and tend to Schwarzschild, at least
at large distances.
The braneworld admits collapsing solutions without
matter, since the nonlocal energy density (dark radia-
tion) gravitates on the brane. We have analyzed the ide-
alized collapse of homogeneous dark radiation whose ex-
terior is static (for physically reasonable parameters) and
has purely 5D gravitational potential. The collapse can
either come to a halt and bounce, or form a black hole or
a naked singularity, depending on the parameter values.
A naked singularity can only arise when Q > 0,  > 0
and Q exceeds the large value 3λ/4.
Our analysis of collapsing homogeneous dark radiation
with static exterior may be seen as a limiting idealization
of a more general spherically symmetric but inhomoge-
neous case. The more general case could be applicable
to the formation of primordial black holes from nonlinear
KK energy density on the brane.
Acknowledgements: CG was supported by a PPARC
studentship. We thank Bruce Bassett, Naresh Dadhich,
Roberto Emparan, Christopher Gordon, Carlos Sopuerta
and Carlo Ungarelli for useful discussions. MB and RM
thank the Mathematical Cosmology Programme at the
E. Schro¨dinger Institute, Vienna, where part of this work
was done.
[1] L. Randall and R. Sundrum, Phys. Rev. Lett. 83, 4690
(1999).
[2] T. Shiromizu, K. Maeda, and M. Sasaki, Phys. Rev. D
62, 024012 (2000).
[3] M. Sasaki, T. Shiromizu, and K. Maeda, Phys. Rev. D
62, 024008 (2000).
[4] J. Garriga and T. Tanaka, Phys. Rev. Lett. 84, 2778
(2000); C. Csaki, J. Ehrlich, T.J. Hollowood, and Y.
Shirman, Nucl. Phys. B581, 309 (2000); S. Giddings,
E. Katz, and L. Randall, J. High Energy Phys. 03,
023 (2000); I.Ya. Arafeva, M.G. Ivanov, W. Muck, K.S.
Viswanathan, and I.V. Volovich, Nucl. Phys. B590, 273
(2000); Z. Kakushadze, Phys. Lett. B497, 125 (2000); I.
Giannakis and H. Ren, Phys. Rev. D 63, 024001 (2001);
N. Deruelle and T. Dolezel, gr-qc/0105118.
[5] A. Chamblin, S.W. Hawking, and H.S. Reall, Phys. Rev.
D 61, 065007 (2000).
[6] N.K. Dadhich, R. Maartens, P. Papadopoulos, and V.
Rezania, Phys. Lett. B487, 1 (2000).
[7] C. Germani and R. Maartens, hep-th/0107011.
[8] T. Shiromizu and M. Shibata, Phys. Rev. D 62, 127502
(2000); A. Chamblin, H.S. Reall, H. Shinkai, and T. Shi-
romizu, Phys. Rev. D 63, 064015 (2001).
[9] R. Maartens, Phys. Rev. D 62, 084023 (2000); ibid., gr-
qc/0101059.
[10] P. Binetruy, C. Deffayet, U. Ellwanger, and D. Langlois,
Phys. Lett. B477, 285 (2000).
[11] S. Mukohyama, T. Shiromizu, and K. Maeda, Phys. Rev.
D 61, 024028 (2000).
[12] H. Stephani, General Relativity (Cambridge University
Press, 1990).
[13] M.M. Martin Prats, PhD thesis, University of Barcelona,
1995.
[14] P. Bowcock, C. Charmousis, and R. Gregory, Class.
Quantum Grav. 17, 4745 (2000).
[15] N. Dadhich, Phys. Lett. B492, 357 (2000).
5
